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SUMMARY

This paper describes a novel approach to the simulation of conservation systems based on redundant
variables constraints. This allows the imposition of more physical conditions to obtain a better determi-
nation of the reconstruction problem. The results achieved for a passive scalar transport and a Burgers
equation test case are illustrated. Reported numerical simulations of simple 2D incompressible �ows
also indicate the good quality of the proposed approach. Copyright ? 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The problem of constructing numerical schemes for the advective terms of balance equations
endowed with good properties in terms of numerical dissipation is of great importance. This
is particularly true in the case of large eddy simulations (see for instance Reference [1]
where accurate analyses show that in some instances high-order schemes may fail to conserve
kinetic energy) and Euler equations for which the consequences of the adopted reconstruction
procedure on the associated balance of any entropic quantity have been often evidenced (see
for instance Reference [2]). The aim of this work is to introduce a novel approach for the
reconstruction procedure required for the calculation of numerical �uxes in control-volume
(CV) techniques.
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2. PROJECTIVE METHODS

The time-dependent balance equations

@wr

@t
+ div(Fr)=0 (1)

that, together with appropriate boundary conditions, model the transport phenomena are in
general strongly coupled. However, often the space reconstructions of the balanced species
〈wr〉 adopted at each discretized time tn are uncoupled; indeed, these are usually based on
data sets (e.g. the set of surrounding CV average values) exclusively and directly related
to the variable to be reconstructed. The optimal choice of this set has been the object of
several e�orts (limiters theory, ENO and WENO schemes, etc.), aiming at ensuring such
important qualities of the numerical schemes as the various monotony properties and=or the
control of the total variation of the solution. Generally, the data adopted for the determi-
nation of the reconstruction parameters are assumed to be a set of linear functionals, e.g.
projections, of the functions describing the quantity to be reconstructed. In the last case, the
equations of the system (or part of it) that contribute to the determination of the reconstruction
parameters are

〈Pri (x; ari ); si(x)〉= 〈w; si(x)〉ri,〈w〉ri (2)

where r is the species index, i the space index of the local reconstruction, x is the space co-
ordinate, Pri the reconstruction shape, a

r
i the reconstruction parameters and si the test function

(e.g. a set function in CVi). In general, it results that

@Pri (x)
@〈w〉kj

=�(r; i; k; j) �rk (3)

so that the parameters ari are determined independently for each r.
It is well known that, given a set of balance equations, a strong solution veri�es an induced

balance of some entropic species (�s) if a �ux function for such entropic species can be de�ned
(see for instance Reference [3])

@�s(wr)
@t

+ div(Gs(wr))=0 (4)

while for weak solutions the entropic species does not verify the balance on the discontinuities,
i.e. the Rankine–Hugoniot conditions.
Therefore it is possible, given the reconstruction of w, to evaluate the numerical �uxes

Gs(wr) of the entropic species �s(wr) as well as its time evolution. The role of such comple-
mentary computation is to furnish additional integral constraints for the new reconstructions of
the balanced quantities. In fact, the integral constraints on the entropic variables may involve
simultaneously the reconstructions of primitive variables as

〈�s(w(Pi)); si(x)〉= 〈�〉si (5)

(where w(Pi) indicate the required reconstructed vectors). Equations (2) and (5) constitute a
coupled system of equations and the obtained reconstructions are also fully coupled.
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The entropy-controlled (or—more in general—S norm-controlled) reconstructions are based
on a technique for �xing K parameters (somehow connected to the shape Pi) by means of
K ′ (with K ′6K) constraints usually related to the average values 〈w〉rj of the cells in the
neighbourhood of the ith cell and to suitable estimates of the entropic values 〈�〉si .
If necessary (i.e. when one chooses to have K ′¡K), the K parameters are �xed by looking

for optimal solutions in some sense (for instance, those corresponding to the Moore–Penrose
generalized inverse). Therefore, such optimal solutions will have, in some norm, the minimal
distance from any predicted reconstruction (that is a reconstruction guessed by means of any
suitable information such as an estimate of the entropic variables deriving from their balance
equations).
A discrete sub-cell implementation of the above-described procedure is advisable. Indeed,

for the choice of the K parameters related to the reconstruction shape Pi better than a
direct use of the K coe�cients of a polynomial, it appears convenient to choose a piece-
wise constant approximation of the shape Pi itself. That is, a K-dimensional numerical vector
[u1; u2; : : : ; uk] will parametrically represent the reconstruction shape Pi. Thus, in general, if
somehow predicted values of these parameters (i.e. K parameters corresponding to any useful
guess—namely one with an appropriate entropy—of the required reconstruction) are avail-
able, let us say [us1; u

s
2; : : : ; u

s
k], a suitably chosen optimal correction of the prediction [u

s], say
[�u1; �u2; : : : ; �uk], which satis�es the K ′ constraints, will produce a corrected vector:

[u1; u2; : : : ; uk]= [us1; u
s
2; : : : ; u

s
k] + [�u1; �u2; : : : ; �uk]

which will satisfy the classical K ′ constraints and will have the minimal distance from the
vector approximating the useful guess.

3. NUMERICAL TESTS

In order to demonstrate the convenience of employing redundant or entropic non-independent
quantity balances, some results obtained in simple 1D and 2D tests are reported, and some
comments are appropriate here. First of all, we emphasize that—whichever approach is
adopted—to improve time accuracy of the method, an estimate of the time integral of the
convective �ux of the transported quantity across the CV elementary boundary is taken
into account by making use of a suitable space integral of the reconstructed function over
the so-called traversing region, in the neighbourhood of each elementary boundary (more
details on this point of view can be found, for instance, in Reference [4]). However, for these
test cases, only a few of the very many possibilities described above have been adopted: the
entropy function chosen for the induced balance is the square of the transported scalar, and for
1D cases, when linear reconstructions are chosen the two parameters are determined simply
by imposing the constraints on the average values of both the main variable and its square
(over a single, suitably chosen, CV), whereas when the scheme relies on quadratic recon-
structions, the guess coe�cients are obtained by a more or less classical reconstruction based
on the average values of three suitably chosen cells (according to an upwind criterion) and
the correction values are based on equations that compulsorily require that the cell average of
the main balanced variable is recovered, while the recovering of the average values of the re-
dundant entropic variable may be achieved in optimal ways. In 2D cases, piecewise quadratic
reconstructions were performed involving �ve cell values according to Reference [5]. For
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Figure 1. CFL=0:3: +-+ entropy controlled; * * 3rd-order upwind; ◦ ◦ initial condition.

Navier–Stokes calculations, for the present, only a separate control on the components u2 and
v2 has been implemented.

3.1. Passive scalar transport

The �rst test is the 1D passive scalar linear advection with periodic boundary conditions and
is relative to an initial condition of a four harmonic components wave with wave numbers
k0 = 2�=L, 2k0, 4k0 and 8k0.
The numerical solution is relative to a third-order scheme for which the reconstructed

functions are 2nd-degree polynomials obtained with the present approach and is compared with
the one based on a classical third-order scheme. The results reported in Figure 1 are relative
to a Courant number c=0:3 and to a �nal travelling time corresponding to 100 wavelengths
of the �rst harmonic, and clearly show the good properties of the proposed scheme in terms
of numerical dissipation, i.e. the corresponding numerical solution is practically coincident
with the analytical one, without any apparent dissipation or dispersion e�ect in contrast to the
evident dissipation for the case of the not entropy-controlled third-order scheme.

3.2. The Burgers equation

The non-di�usive Burgers equation represents a classical and very interesting test case for
numerical schemes of conservation problems.
Its non linear hyperbolic character is very useful to verify properties of shock captur-

ing and monotony. One would like to be able to evaluate the production term—arising
at the discontinuity—in the balance of the entropic variable (as indicated, for instance, in
Reference [6]), but this, of course, is out of our scope. Moreover, in this case the already
cited technique of the conversion of the time integrals of the cell boundary �uxes to space
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Figure 2. (a) Regular: Burgers equation: ◦ ◦ second-order entropy controlled; ++ second-
order TVD; - - initial condition. (b) enlargement: Burgers equation: ++ second-order

entropy controlled; ◦ ◦ second-order TVD.

integrals—due to the non-linearity of the �uxes—has been suitably modi�ed. The test re-
ported in Figure 2(a) illustrates the good quality of shock capturing for the present approach,
although complete control of the energy dissipation mechanism at the discontinuity has not yet
been reached; this obviously requires further development following the previously described
procedure. In Figure 2(b), an enlargement of the shock region is reported for a more detailed
comparison.

3.3. 2D channel �ow

The developing �ow at the entrance of a channel has been simulated in order to put in
evidence the properties of the proposed approach in a Navier–Stokes computation. A �at inlet
velocity pro�le has been assigned, while the out�ow region is subject to regularized conditions.
As is well known in this entrance region, there is an excess pressure drop with respect to
the constant pressure gradient of the Poiseuille solution developed at the end of the duct.
In Figure 3, the quantity A=(P3rdx −PEnt:cont:x )=Pmeanx , namely the ratio of the di�erence between
the streamwise pressure gradients computed with and without the present approach schemes
to the local mean pressure gradient, is plotted in the entrance region at Reynolds numbers
of 40, 80 and 100. The computations were performed on a Cartesian uniform grid. The
positive values of A suggest that the entropy-controlled scheme achieves some reduction of
the numerical dissipation.

3.4. 2D �ow past a cylinder

Finally, calculations of the �ow past a cylinder have been performed on rather coarse uni-
form grids, following the immersed boundary approach (a description of which can be found
for instance in Reference [7]) and implementing a 2D version of the schemes with energy
controlled reconstructions. The results of calculations are reported in Table I for Reynolds
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Figure 3. A; ◦ ◦ Re=40; * * Re=80; ++ Re=100.

Table I. Drag coe�cient.

Re Cd(entropy contr.) Cd(3rd order)

100 1.63 1.60
200 1.35 1.29
500 0.98 0.87

number Re=100, 200 and 500. A comparison of the drag coe�cient Cd relative to compan-
ion computations accomplished by using—for the convective terms—third-order schemes with
and without the energy-controlled reconstructions suggests, analogously to the previous test
case, how the proposed technique allows less dissipative computations.

4. CONCLUSIONS

The use of induced redundant balances of entropic variables for the optimization of the
reconstructions of transported variables in the frame of a CV technique has been proposed
and implemented in a preliminary version. The good qualities of the proposed approach in
terms of numerical dissipation have been illustrated through simple 1D and 2D computations.
Techniques for a better localized control of the energy dissipation, which may result functional
to a suitable treatment of the Euler equations, appear necessary and these require further
developments to be pursued following the above indicated paths.
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